Abstract This paper reviews recent advances in our understanding of the origin and hierarchy of organized flow structures in fluidized beds, distinction between bubbling and nonbubbling systems, and stages of bubble evolution. Experimental data and theory suggest that, at high particle concentrations, the particle-phase pressure arising from flow-induced velocity fluctuations decreases with increasing concentration of particles. This, in turn, implies that nonhydrodynamic stresses must be present to impart stability to a uniformly fluidized bed at very high particle concentrations. There is ample evidence to support an argument that, in commonly encountered gasfluidized beds, yield stresses associated with enduring particle networks are present in the window of stable bed expansion, where the particles are essentially immobile until bubbling commences. However, some recent data on gas-fluidized beds of agglomerates of cohesive particles suggest that there exists a window of bed expansion where the bed does manifest a smooth appearance to the naked eye and the particles are mobile; at higher gas velocities the bed bubbles visibly. The mechanics of such beds remain to be fully explained.
INTRODUCTION
Fluidized beds are commonly classified on the basis of their appearance as either bubbling (aggregative) or nonbubbling (particulate). Particulate beds maintain a smooth appearance and expand progressively as the fluid flow rate is increased. In contrast, aggregatively fluidized beds are traversed by rising pockets of fluid, which are reminiscent of gas bubbles in liquids. Typical examples of particulate and aggregative beds are 1-mm glass beads fluidized by water and 200-µm glass beads fluidized by ambient air, respectively. Over 50 years ago, Wilhelm & Kwauk (1948) concluded on the basis of their experimental observations that a fluidized bed manifested particulate behavior if Fr m = u 2 m /gd p 1, where u m is the minimum fluidization velocity and d p is the particle diameter. The transition from particulate to aggregative behavior as the Froude number, Fr m , is increased has been a subject of much research in the past 50 years.
It turns out that the mechanics of fluidized beds is much more complex than the simple classification by Wilhelm & Kwauk (1948) . Careful fluidization and sedimentation experiments have revealed that liquid-fluidized beds, which were termed particulate by Wilhelm & Kwauk, display fascinating organized flow structures, whereas some aggregative gas-fluidized beds manifest a region of stable bed expansion before they start to bubble. This article reviews our current understanding of (a) the various stages of bubble evolution, (b) the origin and hierarchy of the organized flow structures in liquid-fluidized beds, (c) the distinction between bubbling and nonbubbling fluidized beds, and (d) the true nature of a gas-fluidized bed in the interval of stable bed expansion.
Early attempts to distinguish between bubbling and nonbubbling fluidized beds were based on linear stability analysis of the uniformly stabilized state (Jackson 1963) , and an in-depth review of these studies can be found elsewhere (Jackson 2000) . It now appears that this distinction is linked to high-amplitude solutions (Anderson et al. 1995 , Glasser et al. 1997 , Homsy 1998 , so this review concentrates on various stages of evolution of nonuniform structures.
In general, evolution of nonuniform structures occurs very rapidly in groundbased gas-fluidized beds. In contrast, it occurs sufficiently slowly in liquid-fluidized beds so that ground-based experimental interrogation is feasible. Indeed, tremendous insight has emerged in recent years through studies of liquid-fluidized beds (see Section 2). The state of a gas-fluidized bed of particles in the interval of stable bed expansion has been studied quite extensively in the past decade to probe the origin of stability (Section 3). Section 4 summarizes the highlights and outstanding questions. Anderson & Jackson (1969) observed that a bed of 2-mm glass beads fluidized by water (in a 1.5 ID vertical cylindrical tube) was traversed by a succession of essentially one-dimensional traveling voidage wavefronts (1-DTWs) having no horizontal structure. They also observed that the amplitude of these waves initially increased exponentially with distance from the distributor, establishing that they arose owing to an instability and that this bed, which fell in the category by Wilhelm & Kwauk of particulate beds, was by no means truly uniform beyond a modest extent of bed expansion. Figure 1 (taken from illustrates a spatiotemporal plot of voidage in the 1-DTWs forced at 1 Hz through an oscillatory motion of the distributor.
STUDIES ON LIQUID-SOLID SYSTEMS

Experiments on the Hierarchy of Nonuniform Structures
El- Kaissy & Homsy (1976) and Didwania & Homsy (1981) conducted experiments in a two-dimensional liquid-fluidized bed and observed two-dimensional destabilization of the 1-DTWs leading to a brief appearance of bubble-like voidage pockets. More recently, using water as the fluidizing medium, conducted similar experiments with various particles. 
Figure 1
Spatiotemporal plot of one-dimensional traveling waves in a bed of 1220-µm glass beads fluidized by 35-wt% glycerol-water mixture. ρ s = 4.08 g · cm −3 ; bed diameter = 3 cm; ρ f = 1.1 g · cm −3 ; µ f = 3 cP. φ o = 0.540. The wave was forced at 1 Hz. Only 15 cm of the bed, shot during 8 s, is shown. Lighter shade of gray indicates regions of higher voidage. Source: . Reprinted with permission from The Cambridge University Press. evaluated using the minimum fluidization velocity, Fr t is a Froude number based on terminal velocity, ρ p and ρ f are the densities of particles and fluid, and µ f is the viscosity of the fluid), illustrates the smooth evolution of transverse modulation of 1-DTWs. Two-dimensional destabilization also occurred in a water-fluidized bed of 1220-µm beads (ρ p = 4.084 g/cm 3 , Fr t ≈ 3.68, Fr m ≈ 0.033, St m ≈ 110.6, Re m ≈ 27), where a more complex set of events could be observed ) (see Figure 3) . After an initial period of growth of the amplitude of the 1-DTW (Figure 3a) , the waves buckled, and relatively higher voidage "holes" appeared (Figure 3b ,c) and accelerated upward. At higher elevations in the bed, the "holes" disappeared ( Figure 3d-f ) , and the resulting state did not have any recognizable structure. At slightly higher flow rates, the two-dimensional destabilization proceeded as in Figure 3 , but at higher elevations in the bed, a structure reminiscent of oblique traveling waves (Figure 4 ) emerged. observed that two-dimensional destabilization of 1-DTWs in a bed of 1-mm stainless beads (ρ p = 7.96 g/cm 3 , Fr t ≈ 12.8, Fr m ≈ 0.092,
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Figure 2
Grayscale plot showing transverse modulation of 1-DTWs. The position z = 0 is arbitrary and does not correspond to the bottom of the bed. φ o = 0.538. In the legend, 560570 stands for 0.560 < φ < 0.570 and so on. Source: . Reprinted with permission from The Cambridge University Press.
St m ≈ 265, Re m ≈ 33) led to bubble-like voids that persisted (see Figure 5 ). Thus, we now have direct experimental evidence for the hierarchy of structures in liquidfluidized beds. One-dimensional traveling waves emerge even at extremely small values of Fr m . For Fr m ∼ O(10 −3 ), two-dimensional destabilization of the 1-DTWs invariably occurs, unless suppressed by using narrow beds. For Fr m ∼ O(10 −3 ), the two-dimensional structure evolves smoothly and appears to saturate. When Fr m ∼ O(10 −2 ), bubble-like voids appear briefly after the two-dimensional destabilization but disappear subsequently, yielding a state with no recognizable structure; however, it appears that the final attractor may be oblique traveling waves. For Fr m ∼ O(10 −1 ) or larger, the bubble-like voids persist.
Particle-Phase Stress and Stability of a Uniformly Fluidized Bed
Through a linear stability analysis of a continuum model where the particles and the fluid are treated as interpenetrating continua, Anderson & Jackson (1967, 
t = 0.40 s, and ( f ) t = 0.56 s. In the legend, 585600 stands for 0.585 < φ < 0.600 and so on. Source: . Reprinted with permission from The Cambridge University Press.
1968) concluded that the state of uniform fluidization is most unstable to vertically traveling wavefronts that have no horizontal structure. Indeed, experiments on liquid-fluidized beds have shown conclusively that the development of such 1-DTWs is the first stage in the growth of nonuniform structures in fluidized beds. It is now well understood that this instability is driven by particle inertia (associated with the relative motion between particles and the fluid) as well as the dependence of drag on particle volume fraction and that the uniform state can be stabilized by a sufficiently large particle-phase bulk elasticity (Garg & Pritchett 1975 , Batchelor 1988 . The relative motion between the particles and the fluid in a uniformly fluidized state can be expected to impart to the particles a fluctuating velocity that, in turn, endows the particle phase with bulk elasticity. Batchelor (1988) proposed a second source of bulk elasticity arising from hydrodynamic dispersion and suggested that the hydrodynamic dispersion contributes more significantly than the velocity fluctuations to bulk elasticity. Ham et al. (1990) performed fluidization experiments using a variety of particles and liquids, examined the frequency of the traveling waves at various flow rates to accurately pinpoint the conditions at which
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Figure 4
Grayscale plot showing oblique traveling waves resulting from twodimensional destabilization of 1-DTWs. Same bed as in Figure 3 , except with the superficial velocity of 3.3 cm/s. The position z = 0 is arbitrary and does not correspond to the bottom of the bed. φ o = 0.536. In the legend, 585600 stands for 0.585 < φ < 0.600 and so on. Source: . Reprinted with permission from The Cambridge University Press.
the beds first became unstable, and concluded that hydrodynamically generated bulk elasticity arose mostly from the velocity fluctuations, contrary to Batchelor's suggestion. The velocity fluctuations endow the particle phase with a pressure ( p s ) and a viscosity (µ s ). When a uniform state is perturbed, the spatial variation of particlephase pressure resulting from variations in voidage and the relative velocity between the two phases drive a redistribution of the particles and thus contribute to either stabilization or destabilization (Koch & Sangani 1999) 
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SUNDARESAN phenomenological level, the spatial variation of p s and µ s is captured through p s = p s (φ) and µ s = µ s (φ), where φ is the volume fraction of the particles and dp s /dφ is the bulk elasticity mentioned earlier. By demanding that their experimental data on saturated 1-DTWs (generated by periodically forcing the distributor plate in liquid-fluidized beds operated with several different particles and fluids) be captured by a continuum model of the type used by Anderson et al. (1995) , found that (a) µ s (φ) ≈ 0.18 ρ p u t d p /(φ rlp − φ), where φ rlp denotes the particle volume fraction at random loose packing, and (b) dp s /dφ ≈ 0.2ρ p u 2 t or 0.7ρ f u 2 t , which is roughly independent of φ, for φ o − φ in the range (0, 0.08). In the region φ > φ o , dp s /dφ decreased rapidly and even became negative. Here φ o refers to the average solids fraction in the fluidized bed, and the experiments covered φ o values in the range 0.50-0.57. The two choices for dp s /dφ in terms of solid or fluid density reflect the uncertainty in the measurement and analysis as well as the fact that the densities of the particles used in their experiments fell in a narrow range (2.48-4.08 g · cm
−3
). The φ o dependence observed in this study is curious and not understood. Zenit et al. (1997) measured collisional pressure in beads of glass, plastic, and steel particles of various sizes fluidized by water (Re t = 440-3,665; St t = 630-28,500, where Re t and St t are the Reynolds and Stokes numbers, respectively, based on the terminal velocity of the particles), using a flush-mounted piezoelectric pressure transducer. In a later publication, Zenit & Hunt (2000) analyzed voidage fluctuations measured in the same experimental unit and found the lowfrequency voidage fluctuations to be reminiscent of traveling waves, whereas the high-frequency component appeared to be random. They observed that the root mean square (RMS) value of the high-frequency fluctuations (δφ hf ) increased systematically with increasing St t , getting closer and closer to an expression based on the Enskog model for dense gases:
The RMS value of the total fluctuations was roughly twice δφ hf for 0.05 < φ < 0.40, was somewhat larger in the range 0.40 < φ < 0.50, and rapidly decreased to δφ hf at higher values of φ.
The normalized collisional pressure, p s /(0.5ρ p u 2 t ), determined by Zenit et al. (1997) , increased almost exponentially with φ for 0.1 < φ < 0.3 and decreased with increasing φ for φ > ∼0.5. Their results obtained with glass beads of various sizes suggest that the normalized collisional pressure increased monotonically with St t . The theory developed by Koch & Sangani (1999) for uniformly fluidized suspensions of elastic particles with St t 1 and Re t 1 predicts much smaller particle-phase pressures and, more strikingly, a decrease in the normalized particle-phase pressure with increasing St t . Currently, a theory does not exist for particle-phase pressure in fluidized suspensions where both St t and Re t are large, corresponding to the conditions encountered in the experiments of Zenit 71 et al. (1997) . As noted by Zenit et al. (1997) , the extent to which the presence of traveling waves contributed to the measured collisional pressure is unknown. Campbell & Wang (1991) showed that the particle-phase pressure measured in a bubbling gas-fluidized bed by a wall-mounted probe correlated with bubble rise velocity, which suggests that traveling waves could have contributed appreciably to the collisional pressure measured by Zenit et al. (1997) .
In spite of these uncertainties, it seems reasonable to conclude from the experimental data by Zenit et al. (1997) and and the theoretical work by Koch & Sangani (1999) that the normalized particle-phase pressure in a fluidized bed increases with φ for small φ, reaches a maximum value at some φ(= φ * , say), and decreases with increasing φ for φ > φ * . There is considerable uncertainty about the value of φ * . The analysis by Koch & Sangani (1999) suggests that φ * ≈ 0.5. obtained a somewhat larger estimate for φ * (≈0.52-0.59), but they found φ * to depend on φ o . Zenit et al. (1997) observed in their experiments with glass beads of various diameters that φ * increased with St t , although their values of φ * were smaller (≈0.4-0.5). It is well known that an unbounded uniformly fluidized bed can be linearly stable only if dp s /dφ is greater than zero and is sufficiently large to overcome the destabilizing effect resulting from particle inertia and the voidage dependence of the drag. Thus, one can readily conclude that a uniformly fluidized bed cannot be stabilized purely by hydrodynamically generated particle-phase pressure for any φ o > φ * ; such a bed will give way to traveling waves containing domains with even more compact assemblies of particles until the compaction is stopped by formation of particle networks where nonhydrodynamic stresses become important. A stable fluidized bed at φ o > φ * is therefore possible only if nonhydrodynamic stresses become active.
In general, in a fluidized (or sedimenting) suspension of noncohesive particles, hydrodynamic (kinetic and collisional) stresses will be the dominant contributors to the particle-phase stress for φ below some threshold value, φ min . For φ min < φ < φ cp , where φ cp denotes particle volume fraction at close packing, the relative importance of the hydrodynamic and frictional contact stresses will depend on the prevailing intensity of fluctuating motion available to break the networks (Savage 1998) . Our current understanding of the stresses in the region where the presence of velocity fluctuations interferes with the formation of particle networks is primitive. As we learn more about the state of the particle assembly in a stable fluidized bed and in the dense plugs in traveling waves, we will perhaps better understand the stresses in this frictional-collisional regime. Batchelor (1993) and Batchelor & Nitsche (1991 , 1993 explained two-dimensional destabilization of 1-DTWs as a gravitational overturning instability and proposed this as the second stage of the development of nonuniform structures in fluidized beds. Through an analysis of the linear stability of 1-DTWs against two-dimensional perturbations, Anderson et al. (1995) , Göz (1995) , and Glasser et al. (1996 Glasser et al. ( , 1997 verified the existence of the overturning instability. The early experiments by El-Kaissy & Homsy (1976) and the more recent results by provide conclusive evidence for this stage of structure evolution. Glasser et al. (1996 Glasser et al. ( , 1997 found the overturning instability mechanism to be robust, independent of the closure relations for p s (φ) and µ s (φ).
Two-Dimensional Destabilization of 1-DTWs
The manner in which the structure evolves following two-dimensional destabilization has been probed by Anderson et al. (1995) and Glasser et al. (1996 Glasser et al. ( , 1997 through transient integration of two-phase equations of motion in periodic domains; the latter authors also computed the fully developed solutions through bifurcation analysis and numerical continuation. The numerical simulations by these authors do capture several features seen in the experiments by . The development of bubble-like voids following two-dimensional destabilization and the upward acceleration of these voids, leading to a state with no recognizable structure, as shown in Figure 3 for a nonbubbling system, were predicted by the transient integration of two-phase equations of motion coupled with simple closures (see Figure 6 ). Even the manner in which the voids disappear is predicted correctly; see Anderson et al. (1995) for a detailed discussion. These simulations postulated center symmetry in the periodic domain and thereby suppressed oblique traveling waves. However, the experiments suggest that the ultimate attractor may very well be an oblique traveling wave; so it will be interesting to repeat the computational analysis by allowing oblique waves to develop (using the experimentally determined closures).
Batchelor postulated the emergence of bubble-like voids with an internal fluid circulation as the third stage of bubble development. Bubble-like voids are seen in Figures 3, 4 , and 5, but it is not known if internal fluid circulation occurred in these voids (although it seems reasonable to expect such a circulation). As noted by Anderson et al. (1995) and , in a nonbubbling system, the rate at which particles enter the voids from the top exceeds the rate at which they leave the void at the bottom, hence the voids fill back.
In a bubbling system, more particles leave the void than enter, and the bubble becomes progressively more depleted of particles. Batchelor & Nitsche (1994) attributed this to the expulsion of particles from the buoyant blob by centrifugal action and referred to this expulsion as the fourth stage of bubble development. Glasser et al. (1997) sought to identify the parameter in the two-phase flow model that serves to differentiate between bubbling and nonbubbling systems. They concluded that the particle-phase pressure determined the critical bed expansion level above which nonuniform structures emerged, but not whether the system bubbled. On the other hand, the viscosity of the particle phase did not affect the critical bed expansion level, but rather contributed to the differentiation between bubbling and nonbubbling systems. Glasser et al. (1997) employed a closure of the form
1/3 ), where was a parameter. This form differs from the expression deduced by , but by comparing these two functional forms, ≈ 0.16-0.20 for 0.50 < φ < 0.60. Glasser et al. (1997) also ) fluidized by water. φ o = 0.57. Simulations were performed in a periodic box. Snapshots at four different times during the destabilization: (a) buckling of a 1-DTW, wave speed, c = 0.201u t ; (b) the formation of a bubble-like void that begins to accelerate, c = 0.209u t ; (c) depletion of particles in the void, leading to further acceleration, c = 0.243u t ; and (d ) breakup of the void into two pieces, one of which begins to fade, while the other is still accelerating, c = 0.262u t . The upper void is more depleted of particles, but it is also slowly shrinking. Source: Glasser et al. (1997) . Reprinted with permission from The Cambridge University Press.
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SUNDARESAN found that bubbles developed easily when Fr t 100 and that bubble-like voids appeared only briefly (if at all) when Fr t 100 . Inserting the above estimate for , we get Fr t ≈ 16-20 as a rough cut-off separating bubbling and nonbubbling systems. found experimentally that beds with Fr t of 12.8 and 3.58 bubbled and did not bubble, respectively. Although the estimate made by Glasser et al. (1997) is close, it is not satisfactory. The added mass term, not included in the analysis by Glasser et al., may be responsible for the discrepancy between the experiments and computations.
It will be interesting to conduct experiments of the type performed by and for gas-solid systems under reduced gravity conditions so that one can observe the evolution of nonuniform structures in them.
STUDIES ON GAS-SOLID SYSTEMS
Most gas-fluidized beds operate at a pressure of a few bars and employ 50-150-µm particles. For these particles, St m , St t 1, and particle-particle collisions can occur readily. In a dense bed made up of such particles, the slip velocity is sufficiently small that Re m 1, even though Re t = ρ f u t d p /µ f = O(10 0−1 ). Therefore it seems reasonable to use the theory developed by Koch & Sangani (1999) , which is valid for St t 1 and Re t 1, to estimate the particle-phase pressure and viscosity (arising from hydrodynamically generated velocity fluctuations) in a uniform fluidized bed at moderate to high φ. Koch & Sangani (1999) concluded that when St t 1 and Re t 1, and the particles are subject only to hydrodynamic interactions and fast binary collisions, an unbounded gas-fluidized bed is unstable except at the very dilute limit. However, it is now clear that contact stresses play an important role in generating an interval of stable bed expansion in commonly encountered gas-fluidized beds.
In his classic paper, Geldart (1973) classified gas-fluidized beds into four categories. Very fine particles (group C) are cohesive and are difficult to fluidize. Beds of somewhat larger particles (group A) manifest an interval of stable bed expansion before bubbling commences. Even larger particles (group B) bubble immediately after fluidization. Whereas typical, bubble rise velocities in beds of particles belonging to groups A and B are larger than the interstitial gas velocity in the dense phase, the opposite is true in beds of very large particles belonging to group D. As a consequence, the mixing pattern in bubbling beds of group-D particles differs significantly from those in bubbling beds of particles of groups A and B.
Geldart (1973) observed that the range of gas velocities for which stable bed expansion could be achieved for group-A particles decreased as the particle size was increased. He defined the A-B boundary as the locus of particle diameters for various gas-solid systems (simply characterized by ρ p − ρ f ), where this window becomes unobservably small. The origin of stable bed expansion for group-A particles in the interval (u mf , u mb ), where u mb is the gas superficial velocity at which bubbles first appear spontaneously and in a sustained manner, has been a subject of much debate (Jackson 2000) . Rietema (1973) , Mutsers & Rietema (1977a,b) , and Rietema & Piepers (1990) attributed it to cohesive forces at particle-particle contact. Mutsers & Rietema (1977a) argued that their fluidization data obtained with various gases are consistent with a stabilizing force whose origin is enduring contact between particles. Although Rietema's papers were focused on cohesive force, we now know that cohesion per se is not required to generate a window of stable bed expansion and that a compressive yield strength that can arise simply because of frictional contact between particles in an assembly and wall friction is sufficient. Tsinontides & Jackson (1993) fluidized cracking catalyst particles with dry and humid air. They also measured pressure drop and bed height as functions of gas flow rate as well as voidage variation as a function of bed depth at various gas flow rates. On the basis of these data and the hysteretic behavior recorded during fluidization and defluidization, they concluded that the bed exhibited yield stress throughout the range of stable bed expansion. Cody et al. (1996) measured acoustic shot noise in air-fluidized beds of Cataphote glass beads of various diameters (63-595 µm) and narrow size distributions and found the RMS fluctuating velocity of the particles to be essentially zero until the beds began to bubble. Diffusing wave spectroscopy measurements led Menon & Durian (1997) to the same conclusion. All these studies strongly point to yield stress resulting from sustained contact between particles as the most likely mechanism for stable bed expansion.
The manner in which the yield-stress characteristics of a given material change as one increases the particle size from group A to group B and the associated changes in the fluidization behavior have been studied by Loezos et al. (2002) . Figure 7 shows the pressure drop and bed height in a 1.0 ID tube as functions of gas (dry air) velocity for glass beads sieved between 58 and 75 µm. Starting from a fully defluidized bed, as the gas velocity, u, was increased from zero, an essentially linear relationship between pressure drop and u resulted in the fluidization branch, while the bed height remained constant. Then, at u = u c , the pressure drop decreased abruptly and this was accompanied by a sudden increase in bed height. Tsinontides & Jackson (1993) have described the dynamics associated with this bed expansion in narrow tubes. The bed expansion begins with a lift-off and upward acceleration of the entire bed as a plug; as this plug rises, particles erode from the bottom, settle down on the distributor, and form a new bed.
For all the particles studied by Loezos et al. (2002) , spanning average diameters in the range 63-210 µm, the maximum pressure drop achieved at u c exceeded the bed weight per unit cross-sectional area (mg). Beyond u = u c , the bed height increased steadily with u until u mb . In the interval u c < u < u mb , the bed maintained a smooth appearance with no sustained bubbling.
These authors also performed identical experiments in 0.5 and 2.0 ID tubes and found that the pressure-drop overshoot decreased with increasing tube diameter, D. Indeed, the overshoot appeared to become essentially zero as D → ∞ for all the particles, which led them to attribute the overshoot entirely to wall friction (see Figure 8) . Tsinontides & Jackson (1993) found the overshoot to depend on tube diameter for fluid cracking catalyst (FCC) particles. Srivastava & Sundaresan (2002) found similar results for glass beads with a wide size distribution, a mean size of ∼50 µm, and a density of 2.35 g · cm −3
. In contrast, Valverde et al. (1998) , who worked with very fine particles (discussed below), and Ojha et al. (2000) found the overshoot to be independent of tube diameter. So, additional work remains to be done before the effect of wall friction on pressure-drop overshoot can be established concretely. Loezos et al. (2002) found the average solids fraction in the bed at u mb , φ mb to be roughly independent of tube diameter, suggesting that by the time the bed began to bubble freely the wall effect had become too small to have a measurable influence.
Starting from a bubbling bed, and by gradually decreasing the gas flow rate, Loezos et al. (2002) traced the behavior of the bed in the defluidization branch as well (see Figure 7) . Within the confidence limits of their experiments, u mb was the same in the fluidization and defluidization branches. As u was decreased below u mb , the bed entered a regime of stable expansion. The bed height and pressure drop obtained in this range of stable bed expansion were very different in the fluidization and defluidization branches (see Figure 7) . This behavior has been noted previously (see Tsinontides & Jackson 1993) . Loezos et al. (2002) found the defluidization branches obtained with different tube diameters to be rather close, suggesting that wall friction played only a weak role in defluidization branch, in stark contrast to what was observed in the fluidization branch.
The hysteretic behavior displayed in Figure 7 has been examined in a much more detailed manner by Tsinontides & Jackson (1993) . For example, they did a number of partial defluidization/fluidization cycles, where the gas flow rate was decreased gradually along the defluidization branch to some minimum (but nonzero) value and then increased gradually. Such experiments demonstrated unequivocally that bed characteristics including the particle-phase stress were path dependent and provided direct evidence that nonhydrodynamic stresses were involved in a significant way. Jackson (1998 Jackson ( , 2000 developed a one-dimensional model for pressure drop, bed expansion, and the particle-phase stress profile in a fluidized bed, allowing for particle-phase compressive yield stress and wall friction. He postulated that in the Loezos et al. (2002) . Reprinted with permission from the authors. defluidization branch the particle assembly was at compressive yield everywhere and that a simple relationship existed between the particle-phase normal stress along the vertical direction, σ s , and particle volume fraction, φ. In the packed-bed state of the fluidization branch (i.e., before the pressure-drop overshoot), the φ-profile was frozen, whereas the σ s -profile was allowed to change with gas flow rate.
[The same ideas, but without wall friction effects, were introduced by Tsinontides & Jackson (1993) .]
For noncohesive particles, u = u c is defined as the condition when σ s first becomes zero at the bottom of the bed (as u is gradually increased). Jackson (1998) demonstrated how wall friction could give rise to pressure-drop overshoot at u = u c , even for noncohesive materials. For these materials, Jackson (1998) suggested that the bed height for u > u c in the fluidization branch could be estimated to a good approximation by simply treating this region as an ideal fluidized bed. Loezos et al. (2002) found that all the trends observed in their experiments performed with a number of different particles (with size > 60 µm) and three different tube diameters could be captured reasonably well using Jackson's model (see solid lines in Figures 7 and 8 ). These authors determined independently the compressive yield strength, σ c (φ), of assemblies of the various particles used in their studies, using a method presented by Valverde et al. (1998) . Figure 9 shows curve fits of the σ c (φ) data by Valverde et al. for Cataphote glass beads of various diameters. At low φ values, σ c is quite small; as φ increases, σ c increases slowly at first and then very rapidly for all these particles. For this family of particles and another family of glass beads, the maximum value of φ achieved upon defluidization, φ max , increases with particle diameter. In contrast, Ojho et al. (2000) found φ max to be 0.590 ± 0.004 independent of both tube diameter (0.5 , 1.0 & 2.0 ) and particle size (50-350 µm). Because of such variances between results reported by different research groups, very little can be said in a definitive manner at this stage about the dependence of φ max on d p . The origin of this dependence on particle size, should this prove to be real, also remains to be understood.
We now return to the issue of stability of the bed against sustained bubbling. When the fluid density is much smaller than that of the particles, a uniformly fluidized bed of infinite extent is linearly stable (Jackson 2000) if
where φ o is the particle volume fraction in the uniform state, n is the RichardsonZaki (1954) index, and p s is the reversible pressure (associated with the elastic deformation) of the particle phase. For elasto-plastic materials, one expects that dp s dφ > dσ c dφ ·
For hard particles, this inequality is expected to be a strong one (i.e., ). One can find an upper bound (φ u ) for the critical particle volume fraction (φ crit ) above which the uniform state is linearly stable by setting
Loezos et al. (2002) correlated their experimental data on compressive yield strength as
where C, a, b, φ min , and φ max are positive adjustable parameters. They found that φ u was only marginally higher than φ min for all the particles analyzed. Furthermore, the value of φ mb recorded experimentally (triangles in Figure 9 ) was considerably larger than φ u in every system, which further confirmed that the onset of bubbling in their system could not be captured by such a linear stability analysis. They also did not see stable expansion in any system at φ < φ min . These authors suggested that bubbling sets in when the yield stress in the bed has become small enough to be overcome by fluctuations in the gas flow rate (and hence gas drag), but a definitive explanation is still missing.
Cohesive Particles
We now return to fluidization-defluidization experiments and reexamine the pressure-drop overshoot observed at u = u c . When the particles interact with each other and with the distributor plate cohesively, σ s at the bottom of the bed must become sufficiently negative (i.e., tensile) to overcome this cohesion before the abrupt change at u = u c can occur. The larger the tensile stress is, the greater the pressure-drop overshoot at u = u c will be. There is some ambiguity as to what this tensile stress really represents. If the particle-particle cohesion is much stronger than that between the particle assembly and the distributor plate, the relevant cohesive stress is that resulting from the interaction between the particles and the distributor; in this case, the tensile stress extracted from the experiments simply provides a lower bound for the cohesive strength of the particle assembly. On the other hand, if the particle-distributor interaction is more cohesive than that between the particles, a monolayer (or a thin layer) of particles will remain stuck to the distributor, and the estimated tensile strength may be taken as a measure of the cohesive strength of the particles (Valverde et al. 1998 ). Tsinontides & Jackson
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(1993) knew that the overshoot was partly due to wall friction and estimated an upper bound for the cohesive strength of the FCC particles used in their experiments by attributing the overshoot entirely to cohesion. Valverde et al. (1998) performed extensive measurements on the compressive yield and tensile strengths of two different styrene-butadiene copolymer (xerographic toner) particles with average sizes of 8.5 and 12.7 µm. They measured the compressive yield strength of the particle assemblies at various volume fractions, σ c (φ), by measuring the heights of defluidized beds containing various masses of particles. Such measurements performed in tubes of different cross-sectional areas did not reveal any systematic variation, although there was a fair amount of scatter when the data gathered in various tubes were plotted together. Therefore, Valverde et al. (1998) assumed that wall friction was negligible and attributed the entire pressure-drop overshoot upon fluidization to cohesive stress at the bottom of the bed. They observed that a layer of particles remained stuck to the distributor upon lift-off, concluded that the tensile stress is a measure of cohesion between the particles in the assembly, and used the pressure-drop overshoot to estimate the tensile strength of the assembly at different volume fractions, σ t (φ). They examined the effect of adding various amounts of fine silica particles on σ c (φ) and σ t (φ) for assemblies of toner particles. The silica nano-particles formed 40-60-nm agglomerates, which, in turn, adhered to the polymer particles. The effect of these silica agglomerates on the toner particles was to alter the effective interaction between the polymer particles, and this was reflected in a systematic variation of σ c (φ) and σ t (φ) with the level of silica addition. In particular, silica decreased the level of cohesive interaction between particles, which allowed the toner particles to pack at a higher φ for a given compaction stress. Valverde et al. (1998) also found the tensile strength to be proportional to consolidation stress for all the samples, and σ t (φ)/σ c (φ) decreased steadily with increasing silica content. This paper is an excellent demonstration of the use of fluidization measurements to learn about the particle-particle interactions. In particular, the experiments with different levels of silica on the toner particles illustrate the relevance of nonhydrodynamic stresses in fluidization.
In summary, Koch & Sangani (1999) concluded that hydrodynamically generated stresses are not strong enough to stabilize an unbounded, homogeneous gasfluidized bed except at very dilute conditions. Experiments by Mutsers & Rietema (1977a) , Rietema & Piepers (1990) , Tsinontides & Jackson (1993) , Cody et al. (1996) , Menon & Durian (1977) , and Loezos et al. (2002) indicate that nonhydrodynamic stresses are responsible for stable bed expansion in gas-fluidized beds with particles of sizes greater than about 60 µm. However, recent results by Valverde et al. (2001) seem to suggest that in gas-fluidized beds of finer particles there exists a window of bed expansion where the bed manifests a smooth appearance to the eye while the particles are highly mobile. Valverde et al. (2001) fluidized with dry nitrogen a mixture of yellow and magenta toner particles with an average diameter of 8.53 ± 2.53 µm in a rectangular fluidized bed. The particles tended to form aggregates, so the effective aggregate size of the particles is larger. Figure 10 shows the pressure drop and free volume (i.e., voidage) as functions of gas velocity in the defluidization branch (the fluidization branch was not reported). They also determined the diffusion coefficient of the magenta particles (see Figure 11) . The pressure drop across the bed was essentially equal to the weight of the bed per unit cross-sectional area for 1 mm/s < u < 4 mm/s, where the bed maintained a homogeneous appearance and expanded smoothly with increasing u (see Figure 10) . In this region, the scaled diffusivity D * = (D/ud p ) increased with u almost exponentially at first and then reached a plateau value (see Figure 11 ). In contrast, for u < 1 mm/s, the pressure drop was less than bed weight per unit cross-sectional area, and the diffusivity was essentially zero. Based on the diffusivity data, these authors labeled the regions u < 1 mm/s and 1 mm/s < u < 4 mm/s as solid-like and fluid-like, respectively. The bed bubbled visibly for u > 4 mm/s. Toner particles (15.4 µm) having two different levels of surface coverage with silica nano-particles were examined in these experiments. Both beds manifested solid-like, fluid-like, and bubbling regions. As noted earlier, the higher the silica content, the less cohesive the particles are and the smaller σ c at a given value of
, as a function of gas velocity estimated from the mixing of the magenta toner particles. Here D denotes diffusivity, u is gas velocity, and d p is primary particle diameter. Particle properties are as in Figure 10 . Source: Valverde et al. (2001) . φ is; therefore, the bed of particles having a higher silica content packed more compactly in the solid-like region (see Figure 12) . The behavior was opposite in the fluid-like region (where permanent networks were broken), which may be rationalized as follows: The toner particles with a lower silica content would form larger aggregates, and the drag on the larger agglomerates would be smaller, so the bed expansion would be smaller for the bed with a lower silica content. This crossover of the bed-expansion characteristics across the boundary separating the solid-like and fluid-like regions appears to corroborate further a change in the structure of the particle assembly across this boundary. Castellanos et al. (2001) estimated that the agglomerates had a fractal structure and their size was in the range of 30-45 µm. It will be revealing to perform experiments with primary nonagglomerating particles in this size range and contrast their behavior with those of a bed of agglomerated particles.
Let us set aside for the moment the cohesive interaction between the agglomerates and simply look at the stability problem on the basis of a Froude number criterion. For 30-and 45-µm agglomerates with an effective density 0.72 g · cm −3 , where it has been assumed that the porosity of the agglomerates are ∼40%, the terminal settling velocities are ∼2 and 4.4 cm/s, respectively. Fr t for these agglomerates are then ∼1.4 and 4.4 cm/s, respectively. The data on liquid-fluidized beds by suggest that such beds fall in the nonbubbling category but will manifest spatiotemporal structures. Indeed, very recent fiber-optic probe measurements by Valverde et al. (2002) reveal small-scale spatiotemporal structures in the fluid-like region, whose characteristic temporal frequency gradually increases with gas velocity. Thus, even though the bed manifested a smooth appearance (to the naked eye) in the fluid-like region , it may not be truly stable after all. This, however, does not explain why visible bubbles appear at higher gas velocities (see Figure 10) . In any case, there is much still to be learned from careful measurements of the behavior of gas-fluidized beds of particles in the 10-60-µm range.
As was mentioned in the Introduction, a number of researchers have attempted to explain the distinction between bubbling and nonbubbling systems through a linear stability analysis of the uniformly fluidized state. This article focuses on nonlinear effects, where the linear stability analysis is either inadequate to get the full picture (as in the liquid-fluidized beds) or inapplicable (as in the case of gas-solid systems where yield stresses are present). It would, however, be incomplete to close the review without drawing attention to a puzzling criterion for instability deduced by Foscolo & Gibilaro (1984) through a linear stability analysis. These authors argued that the fluid-particle drag force should include a (stabilizing) term proportional to the gradient in the voidage; however, the physical basis for such a term has been questioned (Batchelor 1988) . Using this term and no other terms for hydrodynamic or nonhydrodynamic particle-phase pressure, the following condition was obtained for instability of a uniform state at φ = φ o :
The right-hand side of this inequality vanishes for φ o = 0 and 1 and assumes its maximum value (RHS max ) at some intermediate φ o value. If RHS max is smaller than the left-hand side of the inequality, the bed is stable (according to this criterion) for all φ o values; however, some liquid-fluidized beds, which are predicted to be stable by this condition, manifest primary instability leading to voidage waves (e.g., see Tsinontides & Jackson 1993) . When RHS max is larger than the left-hand side of the above inequality, there exists a range of φ o values, φ low < φ o < φ up , for which the bed is unstable. If φ up < φ mf , then there will be a window of stable bed expansion past the point of incipient fluidization. A criterion for the Geldart A-B transition may then be deduced by demanding that φ up = φ mf , i.e., This criterion lies in the general vicinity of the empirical A-B transition of Geldart (1973) , which is a surprising finding. Given that all the experimental evidence points to the presence of appreciable yield stress in the window of stable bed expansion, it is really puzzling how a criterion that does not address yield stress at all can come so close to capturing the A-B transition.
SUMMARY
This review focuses specifically on dense fluidized beds, i.e., beds with a high volume fraction of solids. There is much interest in the nature of the instabilities and structures observed in suspensions at low and intermediate levels of particle loading (e.g., see Agrawal et al. 2001 ), but these are not discussed here. Experiments probing the nature of the voidage waves in liquid-fluidized beds have been instrumental in establishing that one-dimensional traveling waves first emerge as manifestations of primary instability then develop into two-dimensional structures. The manner in which nonuniform structures evolve beyond that stage depends (at least) on the Froude number. Computational studies do seem to capture these features qualitatively. The stages of bubble evolution beyond the initial evolution of the two-dimensional structure are also understood reasonably well. But quantitative prediction remains elusive. This is due to the limited progress in the development of theories for particle-phase stresses in fluidized suspensions. The bulk of the theoretical advances on hydrodynamically generated stresses come from the work by Koch & Sangani, which is restricted to Re t 1 and St t 1. Every liquid-fluidized bed experiment, where one has probed the evolution of nonuniform structure, lies outside this restricted range of Re t and St t . Closures for the hydrodynamic stresses when Re t ≈ O(1) or larger are sorely needed.
It appears that the hydrodynamically generated stresses need to be supplemented with nonhydrodynamic contact stresses to get a truly stable fluidized bed, but a definitive statement cannot be made at this time. Closures for the stresses, when collisional interaction between particles is supplemented with a combination of short-and long-lived particle networks, are also needed.
The theory by Koch & Sangani (1999) indicates that commonly encountered gas-fluidized beds cannot be stabilized purely by hydrodynamically generated stresses. There is ample experimental data showing that beds with solid particles whose size is larger than ∼60 µm manifest a window of stable expansion only when contact stresses are important. In this region of stable bed expansion, the particles are essentially immobile.
Gas-fluidized beds of much smaller particles, where cohesive interactions become important and particles form agglomerates, seem to manifest a window of expansion where the particles are mobile and small-scale flow nonuniformities exist. At larger gas flow rates, these beds bubble. Much remains to be learned about the mechanics of such beds. 
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